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1. Theory 


If one can re-arrange an ordinary differential equation into the follow- 
ing standard form: 


GEET 


then the solution may be found by the technigue of SEPARATION 


OF VARIABLES: 
dy _ 
E = [re di 


This result is obtained by dividing the standard form by g(y), and 
then integrating both sides with respect to z. 
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2. Exercises 


Click on EXERCISE links for full worked solutions (there are 16 exer- 
cises in total) 


EXERCISE 1. d 
Find the general solution of T = 3x%e Y and the particular solution 
x 


that satisfies the condition y(0) = 1 


EXERCISE 2. 


d 
Find the general solution of ee 
dr z 


EXERCISE 3. 


d 1 
Solve the equation Y Y 
dr x-i 


given the boundary condition: y = 1 


at x = 0 


O THEORY @ ANSWERS O INTEGRALS O Tips 
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Section 2: Exercises 


EXERCISE 4. 


d 
Solve va = x and find the particular solution when y(0) = 1 
x 


EXERCISE 5. d 
Find the solution of = = CTT that has y = 0 when z = 0 
x 


EXERCISE 6. 
d 
Find the general solution of s MO 
adl dz 
EXERCISE 7. 
: A a2 dy _ 2 
Find the general solution of x sin“ y. 7 (x +1) 
x 
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EXERCISE 8. 


d 
Solve a = —2a tan y subject to the condition: y = 5 when x = 0 
z 


EXERCISE 9. 


d 
Solve (1 + 2) i, +2xy=0 
and find the particular solution when y(0) = 2 


EXERCISE 10. 


Solve ra = y +1 and find the particular solution when y(1) = 1 
x 


EXERCISE 11. 
dy 


Find the general solution of x pe y?—1 
x 


O THEORY @ ANSWERS O INTEGRALS O Tips 
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EXERCISE 12. 


ld 
Find the general solution of — ae 
ydx  a?41 


EXERCISE 13. 


d 
Solve es Y 


do aeri and find the particular solution when y(1) = 3 


EXERCISE 14. 


d 
Find the general solution of sec z - z = sec? y 
xv 


EXERCISE 15. 


d 
Find the general solution of cosec?a i, = cos? y 
T 


O THEORY O ANSWERS O INTEGRALS O TIPS 
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EXERCISE 16. 


Find the general solution of (1 — z") + z(y —a) <0 , where a is 


a constant 


O THEORY @ ANSWERS O INTEGRALS O Tips 
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3. Answers 


1. General solution is y = ln(z? + A) , and particular solution is 
y=In(x* +e) , 


2. General solution is y= kz, 


3. General solution is y+ 1 = k(x — 1) , and particular solution 
is y=—2r+1, 


4. General solution is z = = + C, and particular solution is 
y= sei, 
5. General solution is y = —ln (3 eže C) , and particular 


solution is y = —ln (==) , 


6. General solution is e” = ky(z + 1), 
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7. 


10. 


11. 


12. 


13. 


Y 


General solution is % — y sin 2y = g? +2r+lnr+C, 


General solution is siny = e 
2 


sin y = 


2 


2 . . . 
- +A and particular solution is 


e > 


General solution is y(1 +22)? = k , and particular solution is 


yl +z 


1 


nd =2, 


General solution is tan"! y = In x + C, and particular solution 


is tan” 


y=lx+%, 


General solution is y—1= ka?(y +1), 


General solution is y? = k(x? +1), 


General solution is y = 


Z sei, and particular solution is y = É$ , 
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14. General solution is 2y + sin 2y =4sinx+C, 


15. General solution is tany = — cosg + }cos?a+C, 


16. General solution is y — a = k(1—4?)>. 
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4. Standard integrals 


12 


fla) | J Nada f(z) J f(x)dx 
ni SCH 

ar ES (Mid) | gta | EA (mA) 

1 In |z] Ta In |g (x)| 

es e7 a” pg: (a>0) 

sin x — Cos xz sinh x cosh z 

cos £ sin x cosh x sinh x 

tan z — ln [cos z| tanh x In cosh z 

cosec z | In |tan 5 cosech x In |tanh 5 

sec x In ec z + tan z| || sech z Stan te 

sec? x | tanz sech? z tanh z 

cot x In [sin z| coth x In [sinh z| 

sin? pa z m sin ža sinh? pa sinh 20 z 

2 in 2 IZ inh 2 
Cos" x 3 + SS z cosh" x GC z 4 Š 
Toc KE >> K | Back 


Section 4: Standard integrals 13 
f (a) J f(x) dx f (a) J f(x) dz 
rja? z tan”? a a?— r? da In jem (0 < |x| < a) 
(a > 0) at + ln |Z] (|x| > a>0) 
Tes sin Z vaz | URO (a > 0) 
zije. 2. q2 
(-a< x<a) zz |m TEVEEL) (e>a>0) 
aa | sint (E) | vaa] $ [sinh (2) +95] 
+] Vea? | E cos! (2) + eve] 
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5. Tips on using solutions 


O When looking at the THEORY, ANSWERS, INTEGRALS, or 
TIPS pages, use the Back button (at the bottom of the page) to 
return to the exercises. 


O Use the solutions intelligently. For example, they can help you get 
started on an exercise, or they can allow you to check whether your 
intermediate results are correct. 


O Try to make less use of the full solutions as you work your way 
through the Tutorial. 
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Full worked solutions 


Exercise 1. 


d 
This is of the form = = f(x)g(y) |, where f(x) = 34? and 
x 


g(y) = e7”, so we can separate the variables and then integrate, 


ie. pet = [sae ie. ev =z +A 
(where A = arbitrary constant). 


ie. y= ln(z + A) : General solution 


Particular solution: y(x) = 1 when x <0 ie. el =0°+A 


ie. A=e and y=In(r?+e). 


Return to Exercise 1 
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Exercise 2. 


This is of the form s = f(x)g(y)|, where f(x) = + and 
x 


g(y) = y, so we can separate the variables and then integrate, 


J” dy _ dx 


ie hny = Inzx+C 
= lng+lnk (ln k= C = constant) 


ie. Nny-lha = Ink 
ie. ln(y/r) = ln k 
i.e. y = ka. 


Return to Exercise 2 
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Exercise 3. 
Find the general solution first. Then apply the boundary condition 
to get the particular solution. 


d 
Equation is of the form: 8 = f(x)g(y), where f(x) = 5 
T 


=ln(x—1)+lnk (k = arbitrary constant) 
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ie. y +1= k(x -— 1) (general solution) 


Now determine k for particular solution with y(0) = 1. 


x ; 
vel gives 14+1=k(0-1) 
i.e. 2=-—k 
i.e k = —2 


Particular solution: y + 1 = —2(x — 1) ie. y =—2r+1. 


Return to Exercise 3 
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Exercise 4. 
Use separation of variables to find the general solution first. 


3 2 
"dy = fxd ie Z = — 
Ten zda Le a Fe 


(general solution) 


Particular solution with y=1,x=0: 3 =0+C ie C= 3 


ie. ye = 341, 


Return to Exercise 4 


Toc << >> < > Back 


Solutions to exercises 


Exercise 5. 


20 


General solution first then find particular solution. 


Write eguation as: 


Separate variables 


and integrate: 


Toc 


i.e. 


i.e. 


i.e. 


i.e. 


<< 
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Solutions to exercises 


Particular solution: 


Toc 


<< 


>> 


i.e. 


i.e. 


21 


0=-—In(-1-C) 
-4-C=1 
o? 


wën 
y = —ln (S). 


Return to Exercise 5 
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Exercise 6. 


Separate variables and integrate: 


J T de= dy 
KEEN H 


y 


Numerator and denominator of same degree in x: reduce degree of 
numerator using long division. 


Le x "ll 2x41 1 ul 1 
Ze æti kl "rtl adl —— atl 


ie J(1-zir)de- [4 


ie. 2—Inx+1)=Iny+lInk (ln k= constant of integration) 


ie. 2=1I(2+1)+1In y+In k 
= In[ky(a + 1)] 


ie. e"—<kyzt1). General solution. 
Return to Exercise 6 
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Exercise 7. 


Separate variables and integrate: 


+1)? 
i.e. ES ydy = [a 


1 242 1 
Le. (EECH — ¡RE 
plavajo = [ert =) de 
sindy = 22?42e+Ine+0 
Ly- 5 +7 sin y = zë a ln z ; 


Return to Exercise 7 
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Exercise 8. 
General solution first. 


d 
Separate variables: i.e. Es —2a dr 
tan y 
Integrate: Le. forua = -2 fado 


ie. In(siny) = —2- a +A 
ie. In(siny) < —-a? + A 


. . A 2 
ie. siny=e t4 


{Note: (Zu is of form f m dy = In[f(y)] +0) 
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Particular solution: 


Toc as 


NIA 


Y = 
gives 
i.e. 


i.e. 


>> 
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aT på 
sin > =e 
1 = e^ 
A=0 


. DH D D gc 2 
Required solution is sin y = e7” 


Return to Exercise 8 
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Exercise 9. 
Separate variables and integrate: 


dy 
1 +z?) 
+r) 


; dy x 

i.e. d zk | dx 

i.e. pe = dt ae dx 
y 2) 141? 


[compare with f éi dx] 


= TY 


ie. In y = —4ln(1 +2?) +In k (In k= constant) 
e. In y +ln(1 +22) =1n k 
ie. In [ya D =Ink 


ie. y(1+22)2 =k, (general solution). 
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Particular solution 


yw0) <2, ie. y(x) < 2 when z = 
ie. 2(1 +0)? =k 
ie. k= 2 
ie. y(l +z?) —2. 


Return to Exercise 9 
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Exercise 10. 


dy _ [ da 
DEED x 
Standard integral: J dy stan 'ytC 
J 149? k 
ie. tan"! y= ln x+C. General solution. 


Particular solution with y = 1 when x= 1: 
tan j <1 ~. tan"!(1) == | while In1=0 (ie. 1= e?) 


I=0+C ie C= 


el 


AIA 


Particular solution is: tan”*y=ln r+ f. 


Return to Exercise 10 
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Exercise 11. 


J dy da 
yl x 
ACI. E o 
y-l y-l ytl (y— 1)(y +1) 
(A+ B)y+ (A-B) 


y? -1 


Compare numerators: 1=(A+B)y+(A-—B) [true for all y] 


A+B=0 
A-B=1 
2A=1 
A=}, B=} 
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è A B ime da 
1.€. S y-1 + ytl dy = f pen 


: Lp 1 _ rd 
ie s/7a-zaw-]J% 


ie.  4[In(y-— 1)-—ln(y + 1)]=ln z+l1n k 


ie. ln(y—1)—ln(y+1)—-2lngz=2ln k 
ie In[ piste] =2 nk 


ie. y-l<k'aiyt1), (k! = k? = constant). 


Return to Exercise 11 
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Exercise 12. 


f(z) 
1 
ie. My = > n(a tl) £C 
1 o 1 5 . 
Le. 5 In y? = 3 ln (z + 1) +C {get same coefficients to 
allow log manipulations} 
y? 
= | = C 
le haf 
2 
: y — 226 
1.€. Pad = e 
ie. y? = Fis tU, (where k =e? = constant). 


Return to Exercise 12 
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Exercise 13. 


K 8 / SE 1) 


Use partial fractions: 


1 A B A(x +1)+ Ba 
= + = —\ ~ 

aa+1) z «+1 x(a +1) 
(A+ B)x+ A 

x(a +1) 


Compare numerators: 1=(4+B)r+A (true for all x) 
ie A+ B=OandA=1, ».B=-1 


d 
e [2= f (}- l Ja: 
y z «+1 


Le. ny=mna—In(a#+1)4+C 
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ie. ny-lnaslh(z£41)<lnk (ln k= C = constant) 


tea E -ink 
T 
1 
so tU _, 
T 
kx 


General solution. 


i.e. y= ; 
gli adl 


Particular solution with y(1) < 3: 


x=1, y=3 gives 3= 75 


ie. k=6 
H — 62 


Return to Exercise 13 
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dy dx 
sec?y J secr 


i.e. Jos vay = [cosas 


1 P 
i.e. JH ay = [cosa 
Y 
2 


Exercise 14. 


1 1 
i.e. +3 e z Sin 2y = sinz+C 
ie. 2y+sin2y = 4sina+C’ 


(where C’ = 4C = constant) . 


Return to Exercise 14 
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Exercise 15. 


Toc 


Il 


A A AA AP Eet 


<< 


dx 
cosec? g 


sin? z dr 
- 2 A 
sin" x sin z dz 
(1 — cos? x) - sin z dr 


sin zdr | cos? x sine de 


eS 
u . 
set u = COST , so — = —sinz 
dx 
and cos? a+ sina dx = —u7du 
>> < > Back 
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Solutions to exercises 36 


LHS is standard integral 


J sec? y dy = tany +A. 


This gives, tan y = — cos x ( coste LC 


i.e. tany = — cosg + 282 LC, 


Return to Exercise 15 
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Exercise 16. 


(1 — x?) 2 = -z(y — a) 
d x 
a =- $ zada 


= +} | dx [compare RHS integral with f LI da] 


on a) = 4 In(1— 2?) +In k 


Return to Exercise 16 
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